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Dual space and five lemma

1 For a given real vector space V there is an associated real
vector space HomR(V,R) of R-linear functionals, known as
dual space of V and denoted by V ∗.

Theorem 1 (Five lemma) A lemma, which states that
for a given commutative diagram of additive abelian groups
with exact rows, if f0, f1, f3 and f4 are isomorphisms then
f2 is an isomorphism.

... ...

... ...

A B C D E

a b c d e

f0 f1 f2 f3 f4

Oriented smooth manifold, good cover
and de Rham cohomology

1 The collection of C∞-differential forms on Rn together with
de Rham operator d : Ωp(Rn) → Ωp+1(Rn)(1 ≤ p ≤ n− 1)
is called de Rham complex. The quotient
ker(d)/img(d) is the p-th de Rham cohomology
group, Hp(Rn), similarly we have, de Rham complex
with compact support and the cohomology group
Hp
c (Rn).

2 A connected, Hausdorff, second countable and locally
euclidean topological space with smooth atlas is called
smooth manifold. If Jacobian of transition maps remain
of same sign, smooth manifold is called oriented smooth
manifold otherwise non-oreinted smooth manifold.

3 An open cover {Uα}α∈I of a manifold M is called good
cover if each non-empty finite intersection Uα0 ∩ . . . Uαp are
diffeomorphic to Rn. For a finite index set, good cover is
said to be of finite type.

4 Poincaré has computed Hp(Rn), Hp
c (Rn) entitled as

Poincaré Lemma.
5 The Mayer-Vietoris sequence

0 → Ω∗(M) → Ω∗(U) ⊕ Ω∗(V ) → Ω∗(U ∩ V ) → 0 is exact
and useful to compute H∗(M), where M = U ∪ V .

6 Similarly, we have Mayer-Vietoris sequence
0 → Ω∗

c(U ∩ V ) → Ω∗
c(U) ⊕ Ω∗

c(V ) → Ω∗
c(M) → 0 for

compact supports, which is useful to compute H∗
c (M).

7 Using Mayer-Vietoris sequence, induction principle and
Poincaré lemma, if a manifold has finite good cover then its
cohomology as wells as cohomology with compact support
are finite dimensional.

Abstract

In this poster session, I will explain duality relationship between de Rham cohomology and de Rham
cohomology with compact support of a smooth manifold, entitled as Poincaré duality. I will explain
definitions of de Rham complex and twisted de Rham complex, Mayer-Vietoris sequence, applications.
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Poincaré duality(orientable)

1 Let V and W be finite-dimensional vector spaces. The
pairing ⟨, ⟩ : V ⊗W → R is nondegenerate iff the map
v 7→ ⟨v, ⟩ defines an isomorphism V ∼−→ W ∗ for some fixed
v ∈ V and the map w 7→ ⟨, w⟩ defines an isomorphism
W ∼−→ V ∗ for some fixed w ∈ W .

2 For oriented smooth manifold the wedge product and
integration(using Stokes’ theorem) of smooth forms
descends to cohomology.

Theorem 2 For an oriented smooth manifold M with fi-
nite good cover, there is a non-degenerate pairing, Hq(M)⊗
Hn−q
c (M) → R given by (τ, µ 7→ ∫

τ ∧ µ) equivalently,
Hq(M) ≃ (Hn−q

c (M))∗

Proof The proof can be described as follows. ;

1 Let M = l⋃
i=1
Ui be finite good cover.

2 Induced long exact cohomology sequences from 5 and 6 can
be paired(using non-degenerate pairing) to get square
diagrams with both exact rows as follows.

..Hq((U0 ∪ ..Ul−1) ∩ Ul) Hq+1(U0 ∪ ..Ul−1 ∪ Ul) Hq+1(U0 ∪ ..Ul−1) ⊕Hq+1(Ul)..

..(Hn−q
c ((U0 ∪ ..Ul−1) ∩ Ul))∗ (Hn−q−1

c (U0 ∪ ..Ul−1 ∪ Ul))∗ (Hn−q−1(U0 ∪ ..Ul−1))∗ ⊕ (Hn−q−1(Ul))∗..

≃

f2

≃

3 Using five lemma and Poincaré lemma, Poincaré duality
holds.

4 The finiteness condition on good cover is not necessary[5,
Page no. 14 and 198].

Figure: Mobius Strip

Twisted de Rham complex, cohomology
and orientation bundle

1 For a given vector bundle E on M , we can define the space
of E-valued smooth q-forms to be global sections of vector
bundle ∧qT ∗M ⊗ E. There is an R-algebra Ω∗(M,E).

2 For a flat vector bundle E with trivialization
ϕ = {Uα, eα}α∈I, we can define a differential operator
dE : Ωp(M,E) → Ωp+1(M,E), locally given by
dE(∑

i
ωi ⊗ eαi) = ∑

i
d(ωi) ⊗ eαi and we have differential

complex Ω∗
ϕ(M,E) along with cohomology H∗

ϕ(M,E)
depending on trivialization.

Proposition 1 For given two trivialization ϕ and ψ with
associated cocycle maps {gαβ} and {hαβ} and same open
cover {Uα}α∈I. If there exists locally constant functions
λ : Uα → GLn(R) such that gαβ = λαhαβλ

−1
β , there are

isomorphisms H∗
ϕ(M,E) ≃ H∗

ψ(M,E).

1 For a manifold M , atlas {(Uα, ϕα)}α∈I, transition map
gαβ = ϕα ◦ ϕ−1

β , orientation line bundle L is a line
bundle with co-cycle map,

gLαβ =



1, if J(gαβ > 0
0, if J(gαβ = 0
−1, if J(gαβ < 0

Proposition 2 For two trivializations ϕ′ and ψ′ of L in-
duced from two atlases ϕ and ψ on smooth manifold M ,
then the twisted complexes Ω∗

ϕ′(M,L), Ω∗
ψ′(M,L) are iso-

morphic also cohomologies H∗
ϕ′(M,L), H∗

ψ′(M,L) are.

Poincaré duality(non-orientable)

1 Define the twisted de Rham complex Ω∗(M,L) and
twisted de Rham cohomology H∗(M,L) to be
Ω∗
ϕ′(M,L) and H∗

ϕ′(M,L) for any trivialization ϕ′ of L
induced from M . Similarly, we can have twisted de
Rham cohomology with compact support,
H∗
c (M,L).

2 If a trivialization ψ on L is not induced from M then
H∗
ψ(M,L) may not be equal to H∗(M,L).

3 A density on M(dimension n) is an element of Ωn(M,L),
equivalently a section of the bundle (∧nT ∗M ⊗ L).

4 The transition function for the bundle ∧nT ∗M ⊗ L is
1

|J(gαβ)|; and global integration of density is defined.
5 Similar to the case of orientable manifold, wedge product

and integration descends to cohomology group.
Theorem 3 On a manifold M of dimension n with a finite
good cover, there are nondegenerate pairings Hq(M) ⊗R
Hn−q
c (M,L) → R and Hq

c (M) ⊗RH
n−q(M,L) → R equiva-

lently, Hq(M) ≃ (Hn−q
c (M,L))∗.

Applications

1 Let M be a connected manifold of dimension n having a
finite good cover. Then,[1, Corollary 7.8.1]

Hn(M) =

R, if M is compact orientable
0, otherwise

2 Using universal coefficient theorem and Poincaré duality we
can deduce, a closed manifold of odd dimension has Euler
characteristic 0[2, Corollary 3.37].
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